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Abstract
In this paper some representative examples of a project proposed to second
year environment and civil engineering students are presented. The project
aim was to deepen the understanding of multivariable functions, stimulating
students' creativity and connecting concepts to the content of other disciplines
and to the real-world situations through examples that the students themselves
have found as applications to engineering. To visualize the problems, students
had often utilized GeoGebra, tool widely used during lectures to visualize
theoretical aspects and to better explain the exercises. The appreciation of
students involved in this activity and their relationship with GeoGebra is also
presented. Students appreciated very much this approach as highlighted
analyzing their written reports about the activity and GeoGebra use.
Keywords: Calculus; multivariable functions; GeoGebra; engineering
applications.
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1. Introduction
Multivariable calculus is one of the most important parts of mathematics syllabus for
engineering students. It is offered as a prerequisite course to other courses. However,
multivariable calculus is one of the most difficult courses for most engineering students to
study in their field. Various problematic areas have been identified, as the difficulty in
coordinating procedures and manipulating concepts, poor problem-solving skills, the
inability to select and use appropriate mathematical representations, the translation of realworld problems into calculus formulations, absorbing complex new ideas in a limited time,
the students’ beliefs, and their learning styles (Kashefi et al. 2011).
Faculties whose students need to use mathematics in learning their disciplines recommend
mathematics classes to be made more relevant to their students (Abramovich & Grinshpan,
2008). Engineering faculty have indicated that an engineering perspective may improve both
students’ motivation for learning mathematics and students’ ability to transfer their
mathematics learning to engineering contexts (Czocher, 2010; Pennell, Avitabile & White,
2009; Varsavsky 1995). One of the problems in the early years in an engineering curriculum
is that mathematics is taught as a separate subject. Moreover, it is beneficial for students to
acquire practical experiences with real-world relevance too. Planning a course should not
underestimate the three levels that influence students’ behavior: the cognitive level, which
concerns the learning of specific concepts and methods discipline; the meta-cognitive level,
which concerns the control of subjects on their learning processes; and finally, the affective
or non-cognitive level, which considers the beliefs, emotions, and attitudes of the learner
(Zan et al. 2006). “Technology can play a role in each of these levels, including the noncognitive one, as it can deeply influence the beliefs, emotions and attitudes of learners, on
the other hand, it is itself subject to rooted convictions and can provoke strong emotions”
(Albano & Ferrari 2008).
The use of information technologies and systems of dynamic geometry makes it possible to
include a wide visual range in the educational process, thereby activating the imaginative
thinking of students and helping them to holistically perceive the proposed material. The use
of information technology allows the teacher to manage the demonstration of visual material
more effectively. Mathematical concepts are identified and represented through various
representations, which reflect possibly different features of a concept, but simultaneously
complement each other. Treating a concept within a certain representation (representational
mode or register) and successfully converting between different registers of representation,
is considered as a prerequisite for conceptual understanding. Teaching GeoGebra, support
multiple representations that can simultaneously demonstrate a function in numeric,
algebraic, and graphic models. This feature helps students to understand abstract concepts,
Nobre et al. 2016, Ponce Campuzano, et.al. 2018, Takaci et. al. (2015), and Tatar and Zengin
2016 explored students’ learning outcomes in classes that applied GeoGebra to the teaching
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of calculus (see also Alessio et al.). GeoGebra supplemented lessons also enhanced students’
motivation (Liu et al., 2011; Reis, 2010; Reis & Ozdemir, 2010; Vargas & Gamboa, 2013)
and their mathematical reasoning and problem-solving skills (Acuña, 2014; Akanmu, 2016;
Albaladejo et al., 2015; Granberg & Olsson, 2015; Muzdalipah & Yulianto, 2015).
The aim of this research is manifold, to investigate: the ability of students to connect their
knowledge acquired in other courses (physics or engineering) where multivariable functions
are used; the ability to transfer the same knowledge to real problems; the ability to use
GeoGebra to represent a problem involving multivariable differential calculus and solve it;
if the proposed work has found the interest of the students.

2. Methodology
The course of Mathematical Analysis 2 is a second course of calculus (9 credits
corresponding to 72 hours of lessons) held in the first semester to second year students of
Environment and Civil Engineering. It is preceded, among others, by Mathematical Analysis
1 (12 credits), Linear Algebra (6 credits) and Physics 1 (6 credits), it is simultaneously taught
with Topography and Rational Mechanics. Mathematical Analysis 2 includes topics (in the
order chosen for the lessons) as first and second order differentials equations, curves and
curvilinear integrals, differential and integral calculus in several variables, vector calculus,
the systems of linear differential equations with simple studies of stableness and Fourier
series. Many students end up preparing the exam in mathematical analysis 2 in the third year
after having successfully passed mathematical analysis 1 and linear algebra exams, slowing
down their educational path. GeoGebra has intensively used to explain the properties of
graphs of functions of several variables, the domain, the range, level curve or surface, the
intersection of solid figures, the contours, and so on.
As optional additional work, assigning 3 extra bonus points for it, students were asked to find
possible applications of the material studied to engineering and to present them to the class
during the lessons. This work involves about eighty civil and environmental engineering
students from the University of Udine, a town in the north-east of Italy. Most of them enrolled
in the second year of studies but also third year or off-course students, who have not yet
passed Mathematical Analysis 2 exam. Moreover, to students who participated in the project
were also asked to make an optional report about their impressions of the work done and
about GeoGebra. The request was the following: “write a report on your experience in
preparing the proposed work on the engineering applications of the topics covered in class.
If and how it helped you in understanding the theoretical topics and in connecting them with
those of other courses. Explain if and how using GeoGebra helped you understand the course
topics”.
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3. Results: The projects and the impressions
Twenty-five students, out of eighty, prepared and presented their project during the lessons.
Some of those related to other courses such as Rational Mechanics and Topography. Among
twenty-five projects prepared by students, in this article, we have chosen to present three,
about multivariable differential calculus. The choice was made to highlight some of the main
advantages of using this activity that was the purpose of this work: finding links with the
courses that students are following or followed in the past, or alternatively topics covered
during high school; trying to model real problems using mathematical representations;
acquiring some skills to solve a problem that could arise in the workplace. Here we also
present some significant passages of the impressions, contained in the reports, about the
project and their use of GeoGebra of the three students previously chosen.
3.1. Isabel: An application in topographic field
The objective Isabel work was the study of the environment and its conformation with an
alternative (perhaps hypothetical) mathematical method that simplifies the topographic
operations usually used to mimics the terrain. She also obtained a Plano-altimetric
representation (through the level curves) and the maximum and minimum data of the
territorial reliefs.

Figure 1. Environment conformation and Topographic method.

Among the functions chosen by Isabel there were:
𝑓(𝑥, 𝑦) = sin(𝑥) cos (𝑦)
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Figure 2. Two examples of functions chosen ad level curves with GeoGebra.

Through the graph of the functions and the level curves 𝑓(𝑥, 𝑦) = 𝑐 (Figure 2.), she directly
obtained the Plano altimetric representation of the territory on the 𝑥𝑦 plane. She found the
tangent plane of the function and maxima and minimum points. Students are not always able
to connect the topics they encounter in other courses, sometimes the simple use of a different
language confuses them, it is therefore necessary to show these links, and if they are the
students themselves who find understanding, then it is even more effective.
About the impression of the project Isabel emphasizes the usefulness of the project to find
links with other disciplines, in fact she wrote: “I found the project an excellent idea to make
the students more interested in the subject, as a stimulus to look for something to propose
and commit them to find real connections between the course and a wider context. I believe
that, if you have found an interesting idea (but it is not easy) it can be a job to be developed
later, with skills acquired in other courses”. She also enjoyed using GeoGebra, in fact she
said: “I had never used GeoGebra before, but it was very useful, I would like to learn the
methods of representation using GeoGebra in more complex cases too”.
3.2. Gioele: Models of multivariable functions in some elements of historic buildings.
Domes and Arch
The domes of ancient churches are a demonstration of multivariable functions application.
An example can be identified in the “basilica di Sant’Antonio di Padova (1310)”, one of the
main places of worship in Veneto. The Arch of Constantine (315), a triumphal arch located
in Rome, is another example. Figure 3 illustrates the choices that Gioele made to select the
functions and how he chose to display them using GeoGebra.
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Figure 3. Domes and Arch.

Having introduced at the same time all the types of functions (of several variables, curves,
surfaces) covered by the course allowed Gioele to obtain a representation very close to
reality. In fact, after having chosen as the representation of a dome, the function 𝑓(𝑥, 𝑦) =
−
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#

−

curves.
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+ 𝑐, his attention immediately shifted towards the use of the rotation surfaces of
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Unlike the other two, Gioele is a third-year student who felt the need to follow again the
course since the teacher changed, previously the course was carried out in the traditional way.
In fact, he wrote: “I was really pleased to follow again the analysis course 2 with this kind of
approach since it was very useful not only for understanding this subject but also for
deepening the comprehension of other courses” and he continued writing: “I found the
teaching activity related to mathematical applications in the engineering field stimulating and
allowed me to have a broader overview of my future profession. Sometimes in some degree
courses there is no correlation between the theory that is learned and the consequent use from
a practical point of view. Having carried out an activity of this type has also allowed me to
find, through reasoning, alternatives to the problems that may arise during my professional
activity”. Gioele's desire to connect the topics dealt with the future working reality is
therefore evident. About GeoGebra he wrote: “I believe that the use of GeoGebra has been
of great help as regards the intermediate phase between learning and applications; thanks to
a graphic vision, I believe that the acquisition of theoretical arguments is very simplified,
allowing a first physical vision of the problem too”. He also highlighted the importance of
the tool to understand more deeply the theoretical contents of the course. He continues
writing for the general approach used: “The study of certain concepts in this way has allowed
an easier understanding of the same topics seen in other courses allowing a significant
simplification of the learning phase. I find this type of approach very useful, especially in
mathematics subjects because I personally believe that many concepts are delicate to
understand and noting concrete results you have further help”.
3.3. Thomas: Calculate the dimensions of the ideal cut section for a tree trunk
The shape of a trunk is irregular, as the various cross sections; he therefore wanted to
determine what are the dimensions of the rectangle, with vertices belonging to the “tangent”
&

circumference that maximize the resistance modulus 𝑊 = ' 𝑏ℎ! (see Figure 4).
The set of pairs (𝑏, ℎ) of the first quadrant representing the rectangles inscribed on the
circumference of diameter 𝑑 are precisely the pairs that are located at a distance 𝑑 that
belonging to 𝐷 = {(𝑏, ℎ)|𝑏! + ℎ! = 𝑑! , 𝑏 ≥ 0, ℎ ≥ 0}.
Using the Lagrange multiplier theorem, Thomas found the maximum point A

(

√*

!

, B* 𝑑C.
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La forma di un tronco è irregolare, lo sono quindi
anche le varie sezioni trasversali; si vuole quindi
determinare quali sono le dimensioni del re9angolo,
con ver:ci appartenen: alla circonferenza
«tangente» la sezione del tronco, che massimizzano
il Modulo di Resistenza (W).

1
𝑊 𝑏, ℎ = 𝑏ℎ2
6

Possiamo considerare la funzione 𝑊

⃒ 0,+∞ × 0,+∞

L’insieme delle coppie 𝑏, ℎ del primo quadrante
che rappresentano i re9angoli inscri@ alla
circonferenza di diametro 𝑑 sono proprio le coppie
che si trovano a distanza 𝑑 dall’origine.

Figure 4. The problem. The graphical interpretation and the solution.

In this case, Thomas' ability to model the problem and solve it both analytically and
geometrically with GeoGebra is highlighted. He was capable to relate the three-dimensional
representation, in particular the curve identified by the substitution of the constraint, with its
projection on the 𝑥𝑦 plane. It is important to note the choice of the slider to show how the
maximum is obtained. About the impressions of the project, he wrote: “Having performed
this exercise helped me to understand how to display functions in multiple variables, in fact
I had never thought that the modulus of resistance function could be displayed as a function
of two variables”. Having to look for examples of functions of several variables forced
Thomas to reflect on what the various possibilities could be, in fact at first time he presented
a similar example but for functions of one variable. The transition from functions of one to
several variables is in fact recognized as an epistemological obstacle. About GeoGebra he
wrote: “The use of Geogebra was very useful for the graphical display of functions in two
variables, curves and vector fields, but in general of all the functions that can be viewed in a
three-dimensional space. Carrying out exercises, example accompanied by images created
with GeoGebra seemed to me an excellent approach to clarify analytical concepts through
geometric interpretations. It was also helpful to integrate the theoretical slides with figures
created using GeoGebra”.

4. Conclusions
Students’ beliefs about the relevance of mathematics are considered as one of the factors that
can play an important role in their attitude and motivation. A recent study of first year
university students in engineering focused on improving perceptions of the relevance of
mathematics in engineering, Flegg (2012) has described the use of context-based learning by
applying mathematics to real-life problems as a promising approach.
The transfer of mathematics into the context of engineering seems difficult. Therefore this
paper proposes a project that involves the students firsthand in order to incorporate
mathematics with the principles of engineering.
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The experience with the students was very encouraging. Both second-year, third-year and
off-course students benefited from the initiative. The first because they had to reflect on the
true meaning of the new concepts in order to find possible applications, connect the topics
just learned with those they were taught at the same time in other disciplines, they also
became aware of further applications that they will encounter in subsequent courses such as
Construction Science and Hydraulics or in the workplace. For third-year or off-course
students it was used to recognize mathematical concepts seen in other engineering courses.
For everyone, preparing and presenting a project to the whole class served to test their
exhibition skills too. The activity was highly appreciated by the students as evidenced by the
words of the students themselves. The use of GeoGebra was very useful both to understand
the concepts and examples shown during the lessons but also a valid tool that accompanied
the students in the individual solving of the exercises. It is interesting that they were the
students themselves who chose how to apply the tool in their project. The fact of them
choosing it according to their personal interest and applying it and seeing the professional
utility is a change with respect to the obligation to perform a task already predefined by the
teacher.
The experience with the students was very positive and encourages its use in the coming
years as well.
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